Background: The knowledge that is required for teaching includes subject matter content knowledge (CK) and pedagogical content knowledge (PCK). Although CK and PCK are distinct components of the teachers' knowledge, the distinction between those two components and the relationships between them are still underexplored. In a previous study, we showed that biology teachers that participated in a long-term professional development program view CK as an important component of the knowledge required for teaching biology, yet they see it as distinct from PCK. We wondered what are the views of mathematics teachers, who participate in a similar program, on the knowledge that is required for teaching and on the relationships between CK and PCK. In addition, we compared the participating mathematics and biology teachers' tacit views of the knowledge required for teaching and on the relationships between CK and PCK. Results: We used the Repertory Grid Technique (RGT) as well as semi-structured interviews and a focus group, to elicit mathematics (n =13) and biology (n =16) teachers' tacit views about the knowledge that is required for teaching. The results show that both mathematics and biology teachers view CK as a significant component of their teaching practice. However, whereas mathematics teachers tend to view CK and PCK as related entities, biology teachers tend to view them as separate.
Background
Teachers' knowledge base is crucial for their professional development. Shulman (1986) first suggested that there are three domains of knowledge that are required for teaching: pedagogical content knowledge (PCK), subject matter content knowledge (CK), and curricular knowledge. PCK was defined as a special amalgam of content and pedagogical knowledge that is unique and describes the ways of representing and formulating the subject to make it comprehensible to others (Shulman 1986 (Shulman , 1987 . CK was defined as the amount and organization of subject matter knowledge per se in the mind of a teacher, and curricular knowledge was defined as the full range of programs designed for the teaching of a particular subject at a particular level (Shulman 1986) .
Several previous studies have examined the relations between teachers' CK and PCK. The distinction between CK and PCK has been shown to be helpful in identifying the kinds of knowledge that play an important role in teachers' learning (Ball et al. 2008) . Although CK and PCK are distinct components of teachers' knowledge, it has been suggested that it is impossible to distinguish CK from PCK (Marks 1990; Fernandez-Balboa and Stiehl 1995) . Some researchers suggest that enhanced CK may afford teachers a broader and more varied repertoire of teaching strategies (Krauss et al. 2008; Ball et al. 2008; Baumert et al. 2010; Even 2011) , while limited CK has been shown to be detrimental to PCK, limiting the scope of its development (Baumert et al. 2010) . Conversely, other studies have shown that broad CK in a discipline does not guarantee that teachers will use it effectively in their classroom practice (Zeidler 2002; Rozenszajn and Yarden 2014a) . In a previous study, we showed that biology teachers that participated in a long-term professional development program view CK as a very important component of the knowledge required for teaching biology, yet they see it as distinct from PCK (Rozenszajn and Yarden 2014a) . In light of these findings, we wondered whether mathematics teachers that participated in the same professional development program will have similar or different views on the knowledge that is required for teaching and on the relationships between CK and PCK. Since, the current literature about the distinction between CK and PCK within mathematics teachers' knowledge is still a subject of debate (Depaepe et al. 2013) ; this study may shed light on this debate and may contribute to our understanding of the possible differences that may exist between views of teachers about the knowledge that is required for teaching various scientific disciplines.
This study is focused on the participating mathematics teachers' views of the knowledge required for teaching and on the relationships between CK and PCK in particular. Furthermore, this study compares the participating mathematics and biology teachers' views of the knowledge required for teaching and on the relationships between CK and PCK.
The relationships between PCK and CK Shulman (1986) first suggested that there are several types of knowledge that are required for teaching, including CK and PCK. A considerable effort has been made in the last three decades to construct a well-established conception of science teachers' professional knowledge (e.g., Ball et al. 2008; De Jong and Van Der Valk 2007; Lee and Luft 2008; Loughran et al. 2001; Loughran et al. 2008; Magnusson et al. 1999) . Although both CK and PCK are considered critical professional development resources for teachers, each requiring special attention during teacher training and classroom teaching practice (Baumert et al. 2010) , teachers' professional knowledge is still difficult to define and articulate . Moreover, PCK is highly topical, personal, and situation specific. Therefore, professional development programs aimed at developing teachers' PCK should provide opportunities to enact and reflect their PCK in addition to their theoretical studies (Van Driel and Berry 2012) . Several studies have discussed the possible relationships between teachers' CK and PCK and their influence on teaching without reference to a specific discipline. For example, Grossman (1990) suggested that beginning teachers tend to rely more heavily on one domain of knowledge, whereas experienced teachers are able to integrate all of the domains in their practice. Lederman and Gess-Newsome (1992) suggested examining the relationships between CK and PCK in analogy to the ideal gas law. They concluded that one should not assume that an improvement in teachers' CK will automatically translate into improved PCK, in the same manner in which increased volume of a container will decrease the pressure of a gas's constant temperature. Zeidler (2002) agreed that increased teachers' CK does not necessarily affect their PCK, but argued that the act of teaching influences teachers' CK.
Studies relating to a specific discipline while examining the relationships between teachers' CK and PCK are rather rare. It has been shown that when CK is more secure, chemistry teachers are better able to match the content to the teaching explanations. In contrast, when teachers experience difficulty in understanding the subject matter, they seem to be less effective teaching it (Childs and McNicholl 2007; Rollnick et al. 2008) .
A notable point of disagreement refers to the relationships between CK and PCK in mathematics education. Some authors consider teachers' CK and PCK as distinct constructs, whereas others consider (a part of ) CK to be covered by PCK (Depaepe et al. 2013) . It has been suggested that the degree of correlation between CK and PCK among secondary mathematics teachers is a function of the level of their mathematical expertise (Krauss et al. 2008) . Moreover, mathematical CK has been suggested to enhance mathematics teachers' PCK (Kleickmann et al. 2013) . The breadth, depth, and flexibility of teachers' understanding of the mathematics they teach afford them a broader and more varied repertoire of teaching strategies (Krauss et al. 2008; Ball et al. 2008; Even 2011; Baumert et al. 2010 ) and also deepen their understanding of students' thinking and conceptual understanding (Borko 2004) . Moreover, limited CK in these teachers may limit the development of their PCK (Baumert et al. 2010; Kleickmann et al. 2013) . Conversely, Hollon et al. (1991) showed that broad CK in mathematics does not guarantee that teachers will use it effectively in class.
A review of the PCK concept and its relations with CK in mathematics education described two different types of research: i) studies investigating the relationships through teachers' classroom practices that stressed the strong correlation between the two different knowledge types within the act of teaching, and ii) studies using distinct test items to measure CK and PCK that showed that both knowledge types are positively correlated and that CK is a necessary, though not sufficient, condition for PCK (Depaepe et al. 2013 ). In biology education, possible relationships between biology teachers' CK and PCK have been recently measured and found to be low ). We recently found that biology teachers often declare that they are very interested in acquiring new CK in biology because they have to stay updated with the continuous flow of new findings in their field. Yet, CK is viewed by them as an important component of the knowledge required for teaching but by and large as distinct from PCK (Rozenszajn and Yarden 2014a ).
An examination of the relationships between teachers' PCK and CK should also take into account that teachers' knowledge is comprised of both explicit and implicit components (Ainley and Luntley 2006; Loughran et al. 2001) . While many studies have explored teachers' explicit PCK (e.g., Schmelzing et al. 2013) , little attention has been paid to teachers' implicit views of PCK, CK, and the relationships between them (Rozenszajn and Yarden 2014a) . In this study, we focus on the views of the participating mathematics teachers on the knowledge required for teaching and on the relationships between CK and PCK. In addition, we compared the participating mathematics and biology teachers' tacit views of the knowledge required for teaching and on the relationships between CK and PCK.
Exploring implicit views
Implicit views are tacit, contextual, and situated. Each person holds implicit views about something that he or she will be unable to verbalize and often, will be unaware of, namely, they remain tacit (Polanyi 1966) . Experts usually hold a large number of tacit views. By repeatedly experiencing certain aspects of a field, one gradually becomes an expert in that field. Experts are usually able to recognize meaningful patterns faster than novices (Chi 2006; Dreyfus 2004) ; they intuitively identify what should be done and seem to not even think about it. They just do what normally works, and of course, it usually works (Dreyfus 2004) . Nevertheless, experts are often unable to verbalize how they knew what to do (the 'know how' , Bjorklund 2008), meaning that they know more than they can recount (Polanyi 1966) . Experienced teachers hold implicit knowledge and views that usually enable them to function automatically (Stolpe and Bjorklund 2012; Ainley and Luntley 2006) . Much of teachers' activities in the classroom are patterns of behavior that they can invoke and perform without any conscious effort. Experienced teachers seem to organize their views of students and classrooms in particularly effective patterns that can be retrieved unconsciously from their long-term memory via classroom cues (Johansson and Kroksmark 2004) . These patterns are not stored as conscious propositional knowledge or views, because teachers need their 'working memories' for the classroom matters at hand. Consequently, tacit knowledge and views are used to store non urgent practical patterns, and teachers are usually unaware of most of the practical patterns they use for teaching (Dudley 2013) .
The American psychologist George Kelly formulated a psychological theory which might explain the notion of tacit views as nonverbal, unconscious cognitive constructs that control experts' decisions and actions. Kelly (1955) argued that people have different views of events in the world. These views are organized uniquely within each person's cognitive structure. Kelly established the Personal Construct Psychology (PCP) theory which argues that each person makes use of personal unique views, or constructs, which help him or her give meaning to events. The PCP theory states that people's views of the objects and events with which they interact are made up of a collection of related similarity-difference dimensions, referred to as personal constructs (Kelly 1955 (Kelly , 1969 . Kelly drew explicit parallels between the processes that guide scientific research and those involved in everyday activities (Duit and Glynn 1996) . Like scientists, people tend to predict and control the course of events in their environment using their personal cognitive constructs (Kelly 1955; Jankowicz 2001) .
Following the consolidation of the PCP theory, Kelly designed a method to elicit personal constructs, namely tacit views, which is known as the Repertory Grid Technique (RGT). The RGT has been used in clinical psychology for more than 50 years but has recently found new uses in a variety of research areas. Eliciting tacit knowledge and views in the area of science education has been previously used for probing students' system thinking skills (Ben-Zvi Assaraf and Orion 2005; Keynan et al. 2014) , exploring the perceptions held by a university geology instructor and his students (Bezzi 1999) , exploring possible relationships between teachers' conceptions about science and the types of inquiry activities in which they engage students (Bencze et al. 2006) , and investigating the change in teachers' reflections on the nature of science while teaching a new syllabus (Henze et al. 2007 ). The methodology and use of the RGT has been described in detail ((Rozenszajn and Yarden Teachers' views about the knowledge required for teaching and their tacit views about the relationships between CK and PCK, submitted)) and is briefly described in the 'Methods' section.
In this study, we focused on the following research questions: 1. What are the participating mathematics teachers' views about the knowledge that is required for teaching? 2. What are the participating mathematics teachers' tacit views about the relationships between CK and PCK? 3. What are the differences between the participating biology and mathematics teachers' views of the knowledge required for teaching and on the relationships between CK and PCK? To examine this research question, we used the RGT, which has been previously used to elicit biology teachers' tacit views (Rozenszajn and Yarden 2014a) as well as other experts' tacit personal constructs (e.g., Jankowicz 2001; Fransella et al. 2004 ).
Methods

Research context
The context of this study is a unique professional development program for outstanding high-school science and mathematics teachers entitled 'The Rothschild-Weizmann Program for Excellence in Science Education' , given at the Weizmann Institute of Science. The aim of this program is to provide a learning environment that will enrich the participating teachers' knowledge in both contemporary topics in science or mathematics education theories. Supplying a theoretical and practical foundation that seems compatible with teachers' experiences may provide an accessible way of making teachers aware of their teaching and learning procedures (Von Glasersfeld 1989; Even 2008) , thereby leading to professional development (Eylon and Bagno 2006; Tytler et al. 2011; Rozenszajn and Yarden 2014b) .
The Rothschild-Weizmann program which served as the context for this research is especially designed for high-school science (physics, chemistry, biology) and mathematics teachers who hold a Bachelor of Science (BSc) degree in science or mathematics and are studying toward a Master of Science (MSc) degree in science education (without thesis) in the course of the program. The program's curriculum runs for 8 h twice a week for four semesters (two academic years). Each semester, the teachers participate in different courses in science or mathematics and in science or mathematics education courses, according to their professional discipline. In this study, we focused only on the mathematics and biology teachers who participated in this program during 2009 to 2011.
Five science and mathematics education courses (two academic points each) are offered to the students from both disciplines. The courses are: i) Introduction to Science (or Mathematics) Education; ii) Cognition Learning and Instruction; iii) Assessment Methods in Science and Mathematics Education; iv) Integration of Learning Technologies, and v) History and Philosophy of Science. In addition, courses in the teachers' respective disciplines are given to develop their CK. The courses, which include contemporary topics in science or mathematics, are taught by leading scientists from the Weizmann Institute of Science. In addition, the participating teachers take two to five courses that focus on field-related education issues which are aimed at enriching the teachers' knowledge in science or mathematics education in their related disciplines. The aim of these courses is to enrich teachers' professional knowledge in their discipline, and they are taught by leading science education researchers from the Weizmann Institute of Science.
Research population
The population of this study consisted of a total of 13 in-service high-school mathematics teachers and 16 highschool biology teachers who participated in the RothschildWeizmann program described above. The biology teachers were part of a larger population that participated in our previous study aimed at revealing biology teachers' tacit views of the knowledge required for teaching biology (Rozenszajn and Yarden 2014a) . The 16 biology teachers who took part in the current study included only teachers who studied during the academic years 2009 to 2011, similar to the participating mathematics teachers. Thus, all of the teachers studied the five science and mathematics education courses given during the course of the program together. At the beginning of the program, the teachers held a BSc degree in mathematics or biology and had between 4 and 22 years of teaching experience. The teachers taught in a variety of high schools -national, religion-oriented, and boarding schools.
All of the mathematics and biology teachers participated in courses that were aimed at bridging the gap between their practice and newly acquired knowledge. The mathematics teachers studied one course that was aimed at bridging the gap between studies that explore the teaching of geometry and the teaching practice. Another course was aimed at bridging the gap between studies that explore the teaching of algebra and teaching practice. The biology teachers participated in a long-term workshop aimed at designing new teaching and learning materials based on their knowledge, needs, and knowledge newly acquired in the program (Rozenszajn and Yarden 2014b) . This study's population and context are very specific; therefore, the results and the conclusions of this study will refer only to this study's population and context.
The repertory grid technique
The RGT draws out the interviewees' tacit views on a given topic and encourages them to confront their intuitions -to make the tacit explicit (Jankowicz 2001) . Researchers who choose to use this elicitation technique argue that it is free from external influences (Bezzi 1999; Fransella et al. 2004; Henze et al. 2007; Jankowicz 2004; Ben-Zvi Assaraf and Damri 2009) . Every grid consists of four components: topic, elements, constructs, and ratings. These components are usually elicited in a four-step procedure between an interviewer and an interviewee. Elicitation of elements (alternative events, states, or entities) and constructs (dimensions of similarity and difference between elements) is central to the tacit views' representation in repertory grids (Bradshaw et al. 1993) .
We followed the four steps of the full RGT, with each group of teachers separately, during the second semester of the first or second year of the Rothschild-Weizmann program. The four steps were: (i) introducing the topic: we explained to the mathematics or biology teachers that we were interested in their views on the knowledge that is required for teaching mathematics or biology, respectively; (ii) eliciting the elements: each teacher was asked to write down 12 elements that represent the knowledge that is required for teaching their discipline on 12 separate cards; (iii) eliciting personal constructs: each teacher was asked to randomly pick three cards and write down the listed elements in a table, each element in a separate column. Then, he or she was asked to choose the exceptional element of the three, circle it, and write down in a fourth column the reason that two of the elements were similar and the third one exceptional. The teachers were asked to repeat this action ten times. Repeated explanations for choosing the exceptional elements were subsequently defined as constructs; (iv) rating the connection between the elements and constructs: each teacher was then asked to write down the opposite of a given construct, meaning that he or she had to define the construct poles. Then the teacher was given an empty table and asked to write the poles of each construct at opposite ends of each row. Next, he or she was asked to write each element at the top of each column in the upper row and rate the correlation between each element and each construct on a five-point scale in which '1' means 'totally agree with the left pole of the construct' and '5' means 'totally agree with the right pole of the construct' (Rozenszajn and Yarden 2014a) .
After collecting the data, content and cluster analyses were performed (Jankowicz 2004; Rozenszajn and Yarden, 2014a) . For the content analysis, the repertory grid elements of each teacher's group were pooled and categorized according to the meanings they expressed. The categories were derived bottom-up from the elements themselves, by identifying the various themes they expressed (Rozenszajn and Yarden 2014a; Rozenszajn and Yarden 2014b) . The content analysis enabled us to compare the biology and mathematics teachers' elements for an initial characterization of the teachers' views on the elements of knowledge required for teaching their disciplines (for the definitions of each category see the 'Results' section).
Then, a cluster analysis of the elements and a cluster analysis of the constructs were performed independently. Over 80% similarity between elements or between constructs is considered high coherence between the repertory grid's elements or constructs (Kelly 1969) . The distance between elements or between constructs is considered a 'safe' measure for examining the association among elements or constructs (Fransella et al. 2004 ). The meaning of the high coherence between elements or constructs allowed us to identify the relationships between elements or constructs, thus presenting an image of each teacher's personal view -'a precise statement of the way in which the interviewee thinks of or gives meaning to the topic in question' (Jankowicz 2004) . We then searched for more than 80% coherence between CK elements and other elements' categories and more than 80% coherence between the CK constructs and other constructs' categories, thus enabling identification of the teachers' tacit views of the relationships between their CK and PCK.
Validation of the RGT
According to Kelly (1969) , validity of the RGT is equated with its usefulness. Thus, many studies are performed using the PCP theory and the RGT as a way of determining whether the grids are of value for them. Fransella et al. (2004) presented a massive assortment of studies performed since 1977 which found the RGT to be useful in clinical settings, education, language acquisition, forensic work, market research, politics, and organization and business applications.
We performed semi-structured interviews for further interpretive validation with four of the mathematics teachers and five of the biology teachers. During the interviews, each teacher was presented with their grid map and our interpretations of it, and they were asked to express their views on the accuracy of the results.
During the interviews, the teachers were also asked the following questions: (a) Do you see any relationships between the subject matter courses studied in the program and your practice in class? (b) If 'yes' , in what way are they related? The interviews were transcribed and qualitatively analyzed. That is, we searched for explanations that referred to possible relationships between teachers' CK and PCK.
In addition, we ran a focus group with six mathematics education researchers and two biology education researchers (the two authors). The results of the current study were presented and the researchers were asked: (a) Can you explain the relationships between CK and PCK among the mathematics teachers' results? (b) How can the differences between the mathematics and biology teachers' results be explained? The discussion in the focus group was recorded and qualitatively analyzed according to Shkedi (2003) . We looked carefully for explanations that strengthened the teachers' answers in the interviews (according to Shkedi 2003) .
Data sources
The data sources of this study were as follows: (i) all repertory grid elements and constructs were collected; (ii) all repertory grid rating tables were collected and the data were uploaded to REPGRID version 5 software (www.repgrid.com) for clustering analysis and for creating the repertory grid diagram (for an example see Figure 1) ; (iii) interviews with four mathematics teachers and five biology teachers were recorded, transcribed, and analyzed; (iv) a focus group discussion of the six mathematics and two biology education researchers was recorded, transcribed, and analyzed.
Results
Mathematics teachers' views about the knowledge that is required for teaching
To create repertory grid diagrams, each mathematics teacher who participated in this study was asked to write down 12 elements that represent the knowledge that is required to teach his or her discipline. Each teacher (n =13) managed to elicit between 9 and 12 elements. The mathematics teachers elicited a total of 151 elements, which were classified according to their content into eight different categories (following, Rozenszajn and Yarden 2014a; Rozenszajn and Yarden 2014b): (i) teaching strategies, the ways a teacher should teach, such as 'clear explanations' , 'the ability to simplify complex processes' , and 'the ability to exemplify'; (ii) meaningful learning, the factors that influence meaningful learning, such as 'students' misconceptions' and 'difficulties in comprehending a specific idea' , (iii) relevance, the connection between contents taught in class and students' everyday world, such as 'updated in the students' world and respecting it, and 'uses concepts of the student's everyday life'; (iv) curriculum, the general learning goals of the curriculum as well as the activities and materials to be used in meeting those goals, such as 'being familiar with the syllabus' and 'knowledge of the curriculum'; (v) subject matter CK, the biology teachers mentioned various elements of science contents, such as 'biological knowledge' , 'the human body' , 'ecology' , and 'deep knowledge in science'. The mathematics teachers mentioned only 'knowledge in mathematics' without referring to any specific mathematical topic; (vi) general pedagogy, pedagogy and education in general, such as 'pedagogical knowledge' and 'knowledge in education'; (vii) teacher's personality, personal characteristics of the teacher that may influence teaching, such as 'creative' , 'moral personality' , and 'likes mathematics'; and (viii) learner's personality, students' personal characteristics that may influence learning, such as 'understands students' personality'.
The first four categories (i to iv) can be aligned with PCK categories suggested in the literature (Rozenszajn and Yarden 2014b) . Thus, in this study, we referred to these four elements' categories as PCK elements. The fifth category, namely CK, was a category of elements which have been previously reported as distinct from PCK (Shulman 1986; Magnusson et al. 1999; Grossman 1990; Rozenszajn and Yarden 2014a) . The last three categories (vi to viii) were not aligned with previously suggested PCK or CK categories.
A close examination of the elements elicited by the teachers revealed that each teacher possesses a different repertoire of mathematics elements that he or she views as elements that are required for teaching. The diversity of the elements elicited by the mathematics teachers revealed that most were from five categories (Table 1) : teaching strategies, meaningful learning, teacher's personality, CK, and general pedagogy. The other categories included elements that were mentioned at less than 10% of the total number of elements elicited in each discipline. It is worth noting that elements from the CK category Figure 1 Analysis of a mathematics teacher's data (Teacher M11) using a repertory grid tree diagram. (1) Elements: (A) a group of elements with high coherence; (B) another group of elements with high coherence; (2) Coherence rate between the elements in group B; (3) and (4) Groups of PCK elements; (5) CK element; (6) Coherence rate between the elements in groups A and B; (7) Constructs; (8) Coherence rate between the constructs: 'Connected to teaching mathematics' and 'Not connected to mathematics'; (9) Coherence rate between the elements in group A.
were mentioned by all of the teachers, whereas elements from the other categories were mentioned only by several teachers. Namely, all 13 mathematics teachers participating in this study mentioned CK elements as required for teaching mathematics (not shown).
Mathematics teachers' tacit views on the relations between CK and PCK
We subsequently focused on analyzing the coherence rate between the CK and PCK elements. For the RGT, each teacher was asked to fill in a table in which each element was rated relative to each construct. The computed outcome of the ratings given by each teacher formed a twodimensional tree diagram, a cluster, which represented similarities between rating patterns of the elements and similarities between rating patterns of the constructs.
One of the mathematics teachers' clusters, Teacher M11, is shown here as a case study (Figure 1 ). Teacher M11 elicited 12 elements that she viewed as important for mathematics teaching (1 in Figure 1 ). The rate of similarity (in percentages) between the different elements appears at the top of the diagram, in the coherence-rate scale (left of 2, 6, and 9 in Figure 1 ). The graph to the left of the element coherence-rate scale shows the similarity rate between the elements that are attached to each line (2, 6, and 9, in Figure 1 ). In Teacher M11's cluster, there were two groups of elements that showed high coherence (more than 80%) within the elements of each group. The first group (A in Figure 1 ), whose elements were 95% coherent (9 in Figure 1 ), included five elements as follows: appreciating students and teaching (Teacher's personality category); managing order and discipline in the classroom (General pedagogy category); being able to exemplify; being able to explain in various ways (PCK category), and demanding responsibility for learning (General pedagogy category). Since we were looking for connections between CK and PCK, it is important to note that the two PCK elements: 'being able to exemplify' and 'being able to explain in various ways' (3 in Figure 1 ) constituted a 100% coherence rate (in addition to the 100% coherence rate between those elements and the general pedagogy element: demanding responsibility for learning). The second group (B in Figure 1) , with an 88% coherence rate (2 in Figure 1) , also included five elements as follows: 'students' misconceptions'; 'designing assignments that may construct meaningful learning' , and 'connecting different mathematical topics' (PCK category, 4 in Figure 1) ; 'likes mathematics' (Teacher's personality category) and 'knowledge in mathematics' (CK category, 5 in Figure 1) . Namely, the three PCK elements showed 88% coherence with the CK element (2 in Figure 1 ). In addition, these three PCK elements were highly coherent with a teacher's personality element: 'likes mathematics'. Moreover, the two groups of elements (A and B) also showed high coherence between them (82%, 6 in Figure 1 ). That is, PCK elements were highly coherent with the CK element.
The analysis of all of the participating mathematics teachers' clusters shows that all of their clusters (100%) demonstrated high coherence (more than 80%) between different CK elements and that 77% of the mathematics teachers' clusters demonstrated high coherence between CK elements and PCK elements. Each of these teachers' clusters independently demonstrated high coherence (more than 80%) between CK elements and different PCK elements. Namely, most of the mathematics teachers' clusters showed high coherence between CK and some PCK elements, whereas low coherence was observed between other PCK elements and the same CK elements.
A similar analysis was performed for the mathematics teachers' constructs. For example, Teacher M11 elicited four constructs which included one PCK construct: 'connected to teaching mathematics' (Teaching strategies category), one CK construct: 'connected to mathematics' , one general pedagogy construct: 'connected to teaching' , and one teacher's personality construct: 'connected to teacher's personality' (7 in Figure 1 ). During the interview, Teacher M11 explained that the construct 'connected to mathematics' refers to mathematical subject matter. Teacher M11's RGT cluster demonstrated high coherence (>80%) between PCK ('connected to teaching mathematics') and general pedagogy and high coherence (>90%) between CK ('connected to mathematics') and teacher's personality ('connected to teacher's personality'), but the coherence rate between the PCK and CK constructs was low (67%, 8 in Figure 1) .
Analyses of the constructs of each of the 13 mathematics teachers revealed that 12 of the teachers (92%) elicited the CK construct during the RGT. Among the 12 clusters that mentioned CK, 8 showed a low coherence rate (less than 80%) between CK and the other constructs. Three clusters showed high coherence between CK and teacher's personality, three clusters showed high coherence between CK and general pedagogy, and only one Comparing the mathematics and biology teachers' tacit views of the knowledge required for teaching and of the relations between CK and PCK The biology teachers' tacit views of the knowledge required for teaching biology and of the possible relationships between their CK and PCK were previously examined using the RGT (Rozenszajn and Yarden 2014a) . Here we referred to only part of the previous study's population, namely the biology teachers who studied in the same program during the same period as the mathematics teachers described above (the 2009 to 2011 academic years). Sixteen biology teachers who studied during those academic years elicited a total of 178 elements. Similar to the mathematics teachers, the biology teachers mentioned most often elements which can be classified into two PCK categories (teaching strategies and meaningful learning), elements that can be classified into the CK category, and elements that can be classified as teacher's personality elements. In addition, similar to the mathematics teachers' results, all 16 biology teachers mentioned CK elements as required for teaching biology, while the other elements were mentioned only by a few teachers ( Table 2 ). The differences between the mathematics and biology teachers' elements were in their reference to the general pedagogy and curriculum elements. While some mathematics teachers mentioned these elements, none of the biology teachers did (Table 2) .
To examine the relationships between CK elements and elements from other categories in the participating biology teachers' data, we looked at each of the 16 biology teachers' clusters and searched for high coherence (more than 80%) between the CK elements and other elements mentioned by the teachers. This analysis showed more than 80% coherence between different CK elements within all biology teachers' clusters (100%), but only 25% of the biology teachers' clusters showed high coherence between CK and PCK elements. That is, the CK elements were viewed as a separate and coherent group of elements by most of the biology teachers, similar to the results obtained from the bigger population that had participated in our previous study (Rozenszajn and Yarden 2014a) . This result stands in contrast to the mathematics teachers' results, with only 25% of the biology teachers' clusters showing high coherence between PCK and CK elements vs. 77% of the mathematics teachers' clusters.
A similar analysis was performed for the constructs elicited by the biology teachers, which showed that 15 out of the 16 biology teachers (94%) elicited CK constructs. Similar to the mathematics teachers' results, only one teacher's cluster showed high coherence between CK and PCK constructs (Rozenszajn and Yarden 2014a) .
Teachers' views on the relationships between CK and PCK Mathematics teachers' views
Four mathematics teachers were interviewed for interpretative validation. Each teacher was presented with her or his cluster and our interpretations of it. The overall validation rate of the RGT clusters was 100%, meaning that each of the four teachers that were interviewed explained the RGT results in their own words and these were fully aligned with our interpretation.
Data analysis of the mathematics teachers' interviews which served as a validation of the RGT results revealed that the mathematical courses that they studied during the program were very challenging for them. The courses' contents were not part of the themes that they teach in school. In addition, the mathematical courses required many complex exercises in mathematical problem-solving. However, while acquiring deep mathematical knowledge during the courses, the teachers learned different ways of solving various mathematical tasks. They believed that the mathematical courses enabled them to be more accurate in their teaching and to understand the variety of thinking paths taken by their students, namely that there might be more than one solution to each mathematical problem. For example, Teacher M11 whose cluster showed high coherence between the CK element: 'knowledge in mathematics' (5 in Figure 1 ) and the PCK elements: 'students' misconceptions'; 'designing assignments that may construct meaningful learning' (4 in Figure 1) ; (88% of coherence, Figure 1 ) said in her interview: 'the mathematical courses clarified to me that there is more than one way of solving a mathematical problem, that is important for teaching a diverse population of students. It also enabled me to build better assignments in order to clarify mathematical issues. I feel I understand my students' difficulties better now.' That is, studying challenging mathematical issues together with other teachers and encountering diverse ways of thinking and problem-solving enabled her to better identify her students' difficulties. Moreover, it enabled her to deal with her students' learning difficulties more effectively. Teacher M27, whose cluster also showed high coherence between CK and PCK elements (not shown), said: 'I am a better teacher now. The courses were so challenging for us all but now I can understand the difficulties students have in learning mathematics. I try to understand their way of thinking and help them accordingly. Obviously, different students think differently, that does not mean they are always wrong.' That is, the advanced mathematics courses enabled teacher M27 to better understand her students' difficulties in learning mathematics and enabled her to be more sensitive to her students' different ways of thinking. Thus, their studies in the mathematical courses enabled the teachers to better understand the diversity of their students' cognitive procedures and apply different teaching strategies to meet the diversity of their students' learning paths. Therefore, it can be suggested that learning mathematical contents enriched most of the mathematics teachers' PCK.
To further validate the results on the mathematics teachers' tacit views of the knowledge required for teaching mathematics and the relationships between CK and PCK, a focus group was conducted. We introduced the RGT method and this study's results to a group of mathematics education researchers who were familiar with the Rothschild-Weizmann program. Data analysis of the focus group discussion strengthened the results obtained from the teachers' interviews. It was revealed that dealing with high-level mathematical problems in the course of the Rothschild-Weizmann program challenged the mathematics teachers. That challenge may have created a dramatic shift in these teachers' status: 'from being an experienced teacher to a student with difficulties understanding and solving new problems' (one of the mathematics education researchers). It was suggested that this shift in turn enabled the mathematics teachers to better understand their students' difficulties in solving new mathematical problems. It was further suggested that learning high-level mathematical contents enabled the teachers to understand mathematics at the conceptual level and therefore to reorganize their knowledge. This, in turn, caused the mathematics teachers to be more open to different solutions for mathematical problems and perhaps also to be more creative in their teaching using different teaching strategies so as to appeal to different learning styles.
Biology teachers' views
Analysis of the biology teachers' interviews revealed that, by and large, the biology teachers were expecting to learn new biological contents in the professional development program and their expectations were met. Acquiring new biological contents in the program helped the teachers answer questions raised by students in the classroom more accurately. For example, Teacher B11 whose cluster showed a low coherence rate between CK and PCK elements (less than 70%, data not shown) said: 'Before studying here I could provide more general answers to questions related to biological knowledge. Now, after learning here, I answer more accurately. I know and understand more and I can provide more specific answers.' The other biology teachers declared during their interviews that they tend to insert more updated contents into their lessons. The opportunities to accurately answer their students' questions in class and to insert newly acquired contents into their teaching were connected with raising the teachers' confidence in class. In contrast, Teacher B9, who was one of the four teachers whose cluster showed high coherence between CK and PCK elements (more than 80%, data not shown) said: 'I need content knowledge but it is not the most important thing in teaching biology. Teaching strategies is more important. To be able to explain abstract issues, to identify how much a certain student really understands. I get excited from teaching strategies, not content knowledge.' It should be noted that Teacher B9 was unique in her view toward PCK. Most of the biology teachers were more excited about studying updated biological CK during the professional program than studying pedagogical issues.
Discussion
It has been previously suggested that investigating the relationships between various professional knowledge components may shed light on the nature of PCK and on its role in teachers' practice (Friedrichsen et al. 2011; Abell 2008; Park et al. 2011) . In this study, we investigated the participating mathematics teachers' views on the knowledge required for teaching, as well as their tacit views on the relationships between CK and PCK, and compared them to those of the participating biology teachers. The results of our study implied that the participating mathematics teachers tend to view CK as an important component of teaching knowledge. Moreover, the participating mathematics teachers tended to view CK and PCK as related entities. These results are reinforced by previous studies which reported that for mathematics teachers, the relationship between CK and PCK seems to be strong (Blömeke, 2011 .
The comparison between the mathematics and biology teachers' clusters suggests that CK is a significant component of professional knowledge for both, because CK was the only category of elements that was elicited by all mathematics and all biology teachers in the course of the RGT. However, in contrast to the mathematics teachers, the participating biology teachers tended to view CK as separate from PCK. These results are reinforced by previous studies showing a statistically low but significant measured relationship between PCK and CK of biology teachers Rozenszajn and Yarden 2014a) .
CK has a unique meaning for the participating mathematics teachers' practice, which was found to be different from its meaning for the participating biology teachers' practice. Mathematics teachers do not often need to update their mathematical knowledge for their practice, at least not at the same pace as biology teachers. In this study, we found that the challenge of learning high-level mathematical contents during professional development programs enabled the participating mathematics teachers to better understand their students' difficulties. This finding stands in line with a previous research that showed that advanced mathematics courses are viewed by the teachers as a resource for reminding teachers what learning mathematics feels like and that it improved their sensitivity to students' difficulties (Even 2011) . Moreover, this study shows that the participating mathematics teachers believe that their understanding of the various ways their students think improved. Thus, enriching the participating teachers' CK enabled them to enrich their PCK. For most of the participating biology teachers, one can assume that new CK will be viewed as a challenge in their practice because the field of biological sciences is in rapid flux. Thus, biology teachers need to continuously update their CK throughout their teaching career. Accordingly, it is possible that biology teachers' CK is dynamically changing when they are exposed to contemporary biological topics. Biology teachers usually participate in professional development programs in which they are exposed to contemporary biological subject matter knowledge. In contrast, their PCK does not usually change at the same pace (Rozenszajn and Yarden 2014b) . The fact that biology teachers need to stay updated with concurrent massive developments in biological knowledge may cause them to invest time and energy in this domain, thus neglecting the need to update their PCK. Therefore, it is possible that mathematics teachers can enrich their PCK while studying high-level mathematical contents, whereas the biology teachers view PCK and CK as separate entities and they form no connections between the two. Consequently, the discussion about relationships between teachers' CK and PCK should be carried out in the context of the relevant discipline. While CK may be considered an integral part of mathematics teachers' PCK, as suggested by Ball et al. (2008) , it may be considered separate from the PCK of biology teachers, as suggested by Shulman (1986) .
The analysis of the teachers' CK constructs posed a dilemma. Most of the mathematics and biology teachers elicited CK constructs, meaning that they chose to sort the elements using CK constructs. The elicitation of CK constructs reinforced the idea that CK is an important factor in the teachers' views of the knowledge required by both disciplines' teachers for their practice. The low coherence obtained between CK constructs and the other constructs elicited by most of the biology teachers agrees with our conclusion that most of the biology teachers tend to distinguish their CK from PCK. But the low coherence between the CK and PCK constructs within most of the mathematics teachers' clusters contrasts with the high coherence that was identified between CK and PCK elements among the same mathematics teachers' clusters.
Constructs regarding teaching represent the ways in which teachers make sense of their practice. The constructs are bipolar in nature, i.e., they may be defined in terms of polar characteristics (Kelly 1955) . Namely, by stating what 'CK' is, one may also be stating what 'CK is not'. Therefore, constructs elicited during the RGT may provide a glimpse of how a person makes sense of his or her world (Jankowicz 2001) . To explain the low coherence between CK and PCK constructs within most of the mathematics and biology teachers' clusters, it may be assumed that the teachers viewed the overall construct of CK as a separate entity of knowledge required for teaching. Furthermore, based on the fact that most of the mathematics teachers' clusters showed high coherence between CK and some PCK elements and while other PCK elements showed low coherence with the same CK elements, these teachers may be viewing only a part of their PCK as related to CK. Each teacher tended to view different elements of PCK as related to elements of CK, but when it came to the overall construct of CK, it might have been considered a unique construct by these teachers.
It is important in this study that we also examined the possibility that the teaching experience of the participating teachers might be correlated with their views about the relationships between CK and PCK, but we could not identify any correlation between the two. Namely, no differences were identified between the views of the more novice teachers, who graduated several years before studying in the program and probably posses a more updated CK, and the views of the more veteran teachers (data not shown).
Although the findings of this study are substantial, it is important to keep in mind that the findings are given in the context of a particular program and that the overall number of subjects who participated in the study is small. Therefore, we suggest continuing investigating the questions in the subject in other contexts and varied teachers' populations in order to enable to generalize the conclusions.
Conclusions
The main contribution of this study is in exposing that teachers from different disciplines may view differently the importance of high-level CK to their practice. Therefore, we suggest professional development programs designers to take these differences into account while designing these programs. In a transcript of an interview with Lee Shulman (Berry et al. 2008) , he suggested 'bringing subject matter and teaching together'. This study clarifies some of the differences between the views of the participating high-school biology and mathematics in-service teachers with regard to the role of high-level CK to their practice and professional development.
The differences among the participating mathematics and biology teachers' tacit views of the relationships between CK and PCK may aid in the design of professional development programs for mathematics and biology teachers. We suggest investigating whether there is a need to promote the relationships between biology teachers' CK and PCK, because it cannot be assumed that increasing their CK will automatically improve their PCK (Gess-Newsome 1999; Rozenszajn and Yarden 2014b) . Teachers' CK and related students' learning have been identified as one criterion of effective professional development. Therefore, the need to foster teachers' CK and PCK during the in-service phase may be a key component of an educational reform (Kleickmann et al. 2013) . It is likely that even if teachers do relate CK to PCK to some extent in their practice, it is important to draw attention to their ability to recognize these relationships and articulate them during professional development programs. Making the tacit explicit may further promote teachers' professional development.
